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1.0 INTRODUCTION 
To prevent turbine axial blades from HCF failures, caused either by harmonic or by non-engine excitation like 
flutter or severe part load conditions, a freestanding airfoil can be coupled circumferentially in different 
manners. Blades with integrally machined shrouds or winglets, lacing wires or zigzag pins, which are threaded 
through a hole in the airfoil, are used often for minimizing the resonance responses. The bladed disc vibrations 
are characterized with the well-known interference (or the nodal diameter) curves and Campbell diagrams (see 
e.g. Ewins, 1973), while non-linear blade vibrations are assessed usually by using the performance diagram 
(Griffin and Labelle, 1996). Besides the friction dissipation on a shroud, a winglet or on a wire contact, 
friction dampers are in widespread use in disc assemblies with freestanding blades to control their vibration 
amplitudes. Several designs, such as a dog bone, a pin type or a wedge damper are employed in turbine blade 
design as devices for the frictional damping. In a comprehensive manner Srinivasan (1997) outlines different 
aspects of the linear and non-linear dynamics of the tuned and mistuned disc assemblies, and there can be 
found more details. 

The non-linear dynamics of rotating blades corresponds principally to the physical phenomena of  

• Friction dissipation (see Figure 9-1a) 

• Elastic impacts or (Figure 9-1c) 

a)  b)  c)  

Figure 9-1: The measured (black lines) and computed (red curves) resonance response  
functions (RRF) of the shrouded blade passing its resonances in the spin pin  

condition and excited by an air jet (Szwedowicz et al., 2003). 

a) Example of the RRF damped by the friction dissipation at the shroud contact 

b) Case of the RRF with a rapid jump on the shroud interface caused usually by non-linearities on  
the contact 

c) Instance of the RRF with chattering of sliding contacts of the shroud coupling 
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Both of them as chattering (impacts) of sliding contacts of the airfoil interfaces (Figure 9-1c). 

At the blade root, only micro-sliding can occur due to the high centrifugal forces acting on the root contacts. 
At the shroud or winglet coupling, chattering of sliding contacts can occur, since the resulting normal contact 
force would be smaller than resonance reaction forces induced by the excitation load acting on the rotating 
blade. From the engineering point of view, impacts are undesired physical circumstance, which could lead 
towards fretting problem (Szwedowicz et al., 2005). In practice, the phenomena of impacts are seldom used 
for suppressing of resonance stresses of rotating blades, because of some technical difficulties in realization of 
those types of the dampers. Quite contrary to that, friction dampers are much more straightforward in their 
real application. Therefore, the non-linear dynamics caused by impacts of sliding contacts will be not taken 
into account in this work. In case of interest, theoretical backgrounds for the impact damper application in the 
rotating blade can be found in Duffy’s work (2000), which provides also the experimental verification.  

In general, alternating stresses among other things depends on the overall damping properties, which are 
caused by friction, aerodynamic viscous and hysteresis dissipation in material. These three damping sources in 
rotating turbine blades are shortly discussed here in relation to the well-defined practices used in engineering 
analyses. Following the historical development of a friction damper, showing typical damper’s examples and 
explaining the fundamental theoretical backgrounds of the Harmonic Balance Method used for the 
linearization of friction forces, the physical interpretation of blade vibrations with friction dissipation at 
shrouds and on under-platform dampers is mainly taken into consideration. Aspects of contact stiffness, 
calculations of contact forces, uncertainty margins of friction coefficients and excitation levels is brought 
together with respect to needs for the design process. 

2.0 THEORETICAL BACKGROUNDS OF FORCED VIBRATIONS WITH 
FRICTION 

For many years the friction damping capability has been developed for rotating disc assemblies. At the 
beginning this process is based mainly on very simple analytical analyses and empirical knowledge. The 
understanding of the friction dissipation was gathered from various measurements on special test rigs, and 
from the experiences of the operating blade with friction devices. For the last 10 years, the numerical 
prediction of forced vibrations of the rotating blades with friction damping has done a remarkable progress. 
The existing numerical tools can predict the vibration blade with friction in more reliable manner. However, 
the experimental validation of these results seems still to be required. General difficulties in the mathematical 
description of the contact dynamics is the local elastic contact deformations, micro-slips deformations on 
sliding contacts as well as the variable normal contact forces, as it is illustrated in Figure 9-2a. In practice, an 
additional problem is to determine wear rate of sliding contacts (see Figure 9-2b), which also involves 
experimental verification.  



Bladed Disks: Non-Linear Dynamics 

RTO-EN-AVT-207 9 - 3 

 

 

 

 

a)  b)  

Figure 9-2: a) Typical relationships between slip amplitude, tangential contact stiffness CT  
and normal contact load FN, where μ denotes static friction coefficient, b) Relationships  

among slip amplitude, wear rate, and fretting life (Vingsbo and Söderberg, 1988). 

According to Vingsbo and Söderberg’s (1988) investigation, relative micro-slips on the contact should be below 
2 μm to suppress the wear of contacting parts. This is schematically demonstrated in Figure 9-2b. Indeed, these 
relationships among slip amplitude, wear rate, and fretting life need to be known for the material pair of interest 
for different temperatures. The required small micro-slips, as shown in Figure 9-2b, can be obtained technically 
by applying high normal contact stresses. However, too high contact stresses on the shroud interface may induce 
a creep problem at elevated operation temperature. The creep deflection at the airfoil tip can lead towards 
loosing the contact between the shrouds (DiCristoforo and Elledge, 2004). From a practical point of view, in 
spite of the allowed micro-slip amplitude of 2 μm, which may be difficult to attain for the real shrouded blade, 
more feasible criteria need to be provided for reliable static and dynamic shroud coupling. The useful 
methodology, applied to the redesign of the shroud coupling due to its fretting, is presented by Szwedowicz et al. 
(2005). This numerical straightforward concept is based on the finite element static and free vibration 
computations, which are used in non-linear simulations of the shrouded blade vibrations with friction dissipation. 
To understand well this kind of the analysis, it is necessary to overview a development of solution manners 
applied to blade vibrations with friction damping, which is given in the open literature.  

Probably the first analytical analysis of forced vibrations with friction dissipation was performed by den 
Hartog in 1931. He considered a spring-mass system with the neglected viscous damping d. By using his 
equivalent viscous damping force, which approximates friction Coulomb force Fμ, (Figure 9-3a) as 

1) Nd F4F μ
πμ ≅  , 

the solution of the forced vibration of one degree of freedom (1dof) system (see Figure 9-3b) 

2) ( ) μFwtcosFkuudum o −=++ &&&  

provides the satisfied results for large displacements. In equation (1) μd denotes the dynamic (called also 
sliding or kinetic) friction coefficient and FN is the normal contact force (see Figure 9-3b). Nevertheless, a 
non-linear nature of the friction Coulomb force on a rigid contact has to be described by 
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9-3). According to equation (3), the relationship between the friction Coulomb force, relative velocity u&Δ  
and relative deformation Δu of oscillating contacts is shown in Figure 9-3. The friction force is a periodicity 
function in the time domain t. Then, by applying the Fourier transformation, the non-linear periodical friction 
force Fμ with its vibration period T=1/ω can be represented as a sum of linear harmonic functions, what is 
expressed by 

4) 
( ) ( )( )k

...,,3,1k

k
Nd tkcos

k
1F4F βωμ

πμ −
−

= ∑
∞

=
, 

where k denotes the k-th Fourier harmonic, βk means the phase delay of the friction force Fμ with respect to 
the excitation force F(t)=Focos(ωt) for excitation frequency ω (rad/s). By substituting equation (4) into (1), 
and considering the harmonic response as  

5) ( ) ( )( )k
3,2,1k
k tkcosutu γω −= ∑

∞

=
, 

the forced vibration of the 1dof system can be solved by using the harmonic balance method (HBM). It means 
that the unknown response amplitudes uk and its phase delays γk in equation (5) are equated individually to 
zero for each harmonic k.  

 

a)  b)  

Figure 9-3: a) Relationship between the vibration and Coulomb friction force for  
harmonic excitation F(t) with vibration period T=1/ω, b) One degree of freedom  

system with a rigid contact model, where m, d, k, and μ are mass, viscous  
damping, stiffness, and friction coefficient (see equation (1)), respectively. 

The den Hartog’s formulation (1956) was developed further by different researchers and at the beginning 
applied mainly to riveted and bolted joints in airframe systems (Earles, 1996, Mott, 1970, Earles and Mott, 
1972). First theoretical investigations of blade vibrations with friction dampers appeared in the 70s. The major 

where 21 uuu &&& −=Δ  means the relative velocity of oscillating contacts of body 1 and 2 ( 2u&  equals 0 in Figure 
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motivation of these works was current design practice, which allowed for adding additional lacing wires or 
zigzag bolts into the turbine stage in circumstances of not sufficient aerodynamic and material damping for 
reducing resonant amplitudes to the acceptable level. Earles and Williams (1972, 1974) extended den Hartog’s 
formulation by developing a new linearization concept of the non-linear friction force on a rigid contact. Their 
approach provides closed-forms for the general response of the system for slipping and sticking contact 
conditions at the damper interface. Earles and Williams’ numerical results are found in good agreement with 
the measurements done at the non-rotating set-up with 2 parallel-sided cantilever beams like freestanding 
blades. The similar models of single contact point representing the whole contact coupling and oscillating in 
one-direction on a rigid interface were applied by different researchers, like Muszynska and Jones (1978, 
1983) for modeling of tuned and mistuned disc assemblies.  

Already the measurement of den Hartog’s (1931) has demonstrated the hysteresis relationship between the 
tangential force and tangential displacement on the contact. This hysteresis, illustrated in Figure 9-4, is caused 
by local elastic deformations between contacting bodies and it is modeled usually by the resulting elastic 
stiffness CT for the sticking contact condition. This nonlinear friction damper behavior can be defined by the 
equivalent complex stiffness, which depends on the response amplitude of the system. The dynamic equation 
is then solved in the modal domain using the harmonic balance method regarding a one-term or multi-term 
Fourier harmonics k. The reliability of the numerical solution increases by applying more harmonics k in the 
linearization of the nonlinear friction force (Wang and Chen, 1992). This corresponds to more accurate 
representation of a hysteresis loop (see Figure 9-5b).  

 

a)  b)  

Figure 9-4: Experimental hysteresis curves measured with quasi-static tests by Koh  
et al. (2004), where N denotes the normal contact force and A is the tangential  

displacement, which can be mathematically represented by the macro-slip or the  
micro-slip contact approach, b) One-degree-freedom system with macro-slip  
contact approach for the constant tangential contact stiffness (CT = const). 

In Figure 9-5, the well-known models for the approximation of a hystersis frictional loop are presented. In 
1980, Griffin applied the macro-slip approach (Figure 9-5b) to optimization of the resonance responses of the 
lowest mode shape of the high pressure turbine blade with a frictional damper. The damper was mounted 
under a platform of the airfoil. Considering the contact between the cylindrical damper interface and a flat 
contact of the under-platform of the airfoil, his experimental data confirmed well the numerical results, which 
were based on the macro-slip approach. Griffin has identified that the tangential contact stiffness CT between 
the damper and blade interface is a crucial parameter in the damper optimization. 
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a)  b)  c)  d)  

Figure 9-5: Theoretical models of a hystersis loop describing the elastic contact behavior with 
friction a) Coulomb frictional damping loop (a rigid contact model, see 1dof system in Figure  
9-3b for the tangential contact stiffness CT = ∞), b) macro-slip frictional damping loop for the 

constant tangential contact stiffness (CT = const), see 1dof system in Figure 9-4b, c) micro-slip 
frictional damping loop (Cattaneo-Mindlin’s model) variable contact stiffness CT(UT) ≠ const, 

where UT denotes the tangential response amplitude on contact, d) Exponential  
micro-slip frictional damping loop (Sanliturk, et al. 1999) with variable CT. 

Using Hertz’s (1882) analytical formulas, the normal contact stiffness CN can be determined from the local 
normal elastic deformations between two contacting bodies. For the case of zero shear contact deformation 
and the circular contact area, Mindlin (1949) derived analytical formulas. His method allows for the micro-
slip contact condition between smooth spherical bodies regarding Coulomb’s friction law. Mindlin’s 
analytical ratio of the elastic normal contact stiffness CN to the elastic tangential contact stiffness CT can be 
expressed in the empirical form as 

6) 
E
G4

C
C

N

T = , 

where G and E denote the shear (Kirchhoff’s) and elasticity (Young’s) modulus of the bodies in contact, 
respectively. Equation (6) was experimentally verified by Balmer (1992) and Burdekin et al. (1978). 
However, its reliable application is limited only to circular contact conditions. For the elliptical contact area 
for two non-spherical elastic bodies, Deresiewicz (1957) worked out the relationship between the normal CN 
and tangential CT contact stiffness by assuming the constant normal contact stress distribution. By considering 
the variable tangential contact stiffness CT in terms of the unknown tangential response amplitude at contact 
uT, the macro-slip contact approach was extended on the micro-slip contact approach, whose frictional loop is 
illustrated in Figure 9-5c. Based on the micro-slip contact approach and the measurements of frictional loops, 
Sanliturk et al. (1999) proposed the exponential loading curves (Figure 9-5d), which characterize the gradual 
and continuous dependency of the tangential contact stiffness on the partial slip, formulated earlier by Rogers 
and Boothroyd (1975).  

Furthermore, the one-dimensional motion of the contact point was replaced with a model of the two-
dimensional motion, which was proposed by Zimitrowicz (1981), Griffin and Menq (1991), Sanliturk and 
Ewins (1996) as well as Sextro et al. (1996). Sextro applied his 2D point contact model to Hertzian contact by 
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considering 2 translations and one rotation degrees of freedom. An additional remarkable progress in the 
contact definition was a discretisation of the whole contact area with many contact points (Sextro et al., 1997, 
Sextro, 2000, Szwedowicz et al, 2001, 2003, 2005, Petrov, 2007, Cigeroglu et al., 2007). The contact 
discretisation can considerer partial micro-slip and stuck contact conditions at each point individually. The 
simulation with many contact points provides good agreements with the measurements as it is illustrated in 
Figure 9-1 for the steam shrouded blade, which was measured in the spin pit condition (vacuum). Petrov’s 
approach (2007) with the discretisation contact and with his unique analytical formulation of the point contact 
conditions allows for modeling of complex elastic parts, like spatial sealing strips. His numerical results 
identify the contact regions with sticking, partial slip-stuck, slipping contact conditions as well as the 
separation in the contact.  

A further progress in the numerical simulation of the elastic contact of vibrating parts is going to provide 
important inputs for qualitative fatigue life prediction. However, the reliability of this kind of fatigue 
assessment depends on some physical uncertainties like friction coefficients as well as unknown excitations 
acting on the rotating blades. 

 
Figure 9-6: Contact of the shroud coupling (Szwedowicz et al., 2005) a) FE computed contact area, b) photos of  

the real contact interface with fretting damages, where dashed line corresponds to the contour of the FE  
contact area, c) discretisation of the FE contact area by 55 points for the non-linear dynamic analysis. 

During the last 28 years, various numerical techniques have been developed for consideration of friction 
dissipation in the blade dynamics. These works show that the FE time-marching approach is too time 
consuming solution in relation to the Harmonic Balance Method. The transient FE dynamics is used 
sometimes for the verification the results obtained from the HBM. In general, most of these approaches 
employ a reduced order of the FE models and the harmonic balance method to decrease significantly the time 
needed for the solution of the non-linear algebraic dynamic equations including friction forces. A large 
number of papers on the numerical modeling of the frictional dissipation between shrouds and on under-
platform friction dampers can be found in the open literature. Cameron et al. (1987), Griffin (1980), Wang et 
al. (1990a, 1990b, 1991, 1993), Yang and Menq (1998a), Sextro et al. (1997), Csaba (1999), Sanliturk et al. 
(2001), Petrov and Ewins, (2003), and Petrov (2005) provide thorough reviews of the available literature and 
methods solving non-linear vibrations of mechanical systems with friction. Petrov’s interface element (2003, 
2005, 2007) describes analytically the non-linear contact behavior at specified contact point. These elements 
minimize the computational effort required for the analysis of the non-linear damper-blade dynamics 
approximated with more complex Fourier coefficients. His method allows efficient modeling of mistuning 
effects caused by manufacturing tolerances of blades as well as by variation in damper contacts within a 

The resulting contact point at the 
shroud interface including: 
•FE mode shape (6 d.o.f.) 
•Resulting contact force 
•Resulting contact stiffness 
•Friction coefficient 
•Contact roughness 

bO

h

ι-th contact point ηι×ζι 

a) FE computed 
contact area

b)  c) 
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blade-disc assembly (Petrov and Ewins, 2003). A mistuned disc assembly is modeled using mode shapes from 
a cyclic symmetric FE model of the tuned blade assembly as input (Feiner and Griffin, 2002, Petrov, 2004). 
Other approaches for the dynamic analysis of the mistuned blades including the variation in damper 
configuration are based on a sensitivity analysis and the assumption of a Weibull distribution. This procedure 
is validated experimentally and numerically with Monte-Carlo simulations as it can be found in Goetting et 
al., (2001, 2004).  

2bo

2ao

RS

RP

CS

CP

a

b

The resulting contact point Cp on the 
equivalent contact area A = ab = πaobo with 
• FE mode shape (6 d.o.f.)
• Resulting FE reaction force Rp

• Resulting contact stiffness ct and cn

• Friction coefficient μ
• Contact roughness Rz

ι-th contact point

2bo

2ao

RS

RP

CS

CP

a

b

The resulting contact point Cp on the 
equivalent contact area A = ab = πaobo with 
• FE mode shape (6 d.o.f.)
• Resulting FE reaction force Rp

• Resulting contact stiffness ct and cn

• Friction coefficient μ
• Contact roughness Rz

ι-th contact point

2bo

2ao

RS

RP

CS

CP

a

b

The resulting contact point Cp on the 
equivalent contact area A = ab = πaobo with 
• FE mode shape (6 d.o.f.)
• Resulting FE reaction force Rp

• Resulting contact stiffness ct and cn

• Friction coefficient μ
• Contact roughness Rz

ι-th contact point

2bo

2ao

RS

RP

CS

CP

a

b

The resulting contact point Cp on the 
equivalent contact area A = ab = πaobo with 
• FE mode shape (6 d.o.f.)
• Resulting FE reaction force Rp

• Resulting contact stiffness ct and cn

• Friction coefficient μ
• Contact roughness Rz

ι-th contact point

 

Figure 9-7: Discretesiation of the real elliptical contact area of the frictional bolt in  
the simplified rectangular form for the non-linear blade dynamic analysis  

including frictional micro-slips (Szwedowicz et al., 2008). 

The remarkable and permanent progress in the theoretical modeling and in the utilization of the friction 
dampers started from Griffin’s paper in 1980 as it is schematically illustrated in Figure 9-8. Since that time, 
general interest in the friction damper technology has been shown by different manufacturers of aero-engines 
and industrial turbines. These companies have been collaborating with various universities. Their work is 
usually arranged in various research programs, such as:  

• FVV, Forschungsverienigung Verbrennungskraftmaschinen in Germany (e.g. Goetting, 2001) 
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• The GUIde Consortium: Government, Universities, and Industry Working Together to Develop New 
Technologies in USA 

• ADTurB research program (Aeroelastic Design of Turbine Blades) funded by the European 
Community 

or bilateral collaborations, like  

• FIAT-AVIO and Politecnico di Torino, 

• SNECMA and Ecole Centrale de Lyon, 

• Leibniz University in Hannover and Siemens, 

• Imperial College London and Rolls-Royce. 

Ohio University (Yang & Menq)
1. BAMPER code, based on the extended Griffin’s 

model, for contacts on u/p dampers and 
winglet/shrouds

2. Non-rotating test rigs for measuring friction loops

Imperial College London (Ewins, Petrov,Sanliturk)
1. FORSE code, based on Petrov’s analytical solution of 

the contact kinematics, for multi-harmonic forced 
vibrations of blades with frictions at shroud, root and 
u/p damper/sealing-strip

2. Test-rigs for rotating blades in vacuum
3. Non-rotating set-ups for measuring frictional loops at 

elevated temperatures

Aero-Volvo: in-house code based on Csaba’s
brush contact model (2000) using the contact 
stiffness from the measured frictional loops

Rolls-Royce: uses and develops friction 
technology in its designs by collaborating 
with University Technology Centre for 
Vibration founded in 1990

Westinghouse used pin 
dampers in its disc assemblies

GE blades with u/p
dampers (Weaver, 2001)

Hannover University IfM (Popp, Sextro & Siewert)
1. DATUR/DATES codes for under-platform dampers and 

winglet/shrouds considering the global blade motion and 
relative contact oscillation for mono-harmonic vibrations

2. Rotating test rig in vacuum 
3. Non-rotating set-ups for measuring frictional loops

Carnegie-Mellon Univeristy (Griffin & Koh)
1. Theoretical investigation of contact mechanics
2. Non-rotating set-ups for measuring frictional loops 

at elevated temperatures

BMW Rolls-Royce considers u/p
dampers in their blade designs

Siemens (Panning, Wolter, Wachter, A.Kayser, Dünck-Kerst)
1. In the 80s empirical developments of friction pins for LP blades

in the real set-up at Stuttgart University    
2. Confirmation of scaling capabilities of the friction dissipation for 

different airfoil sizes (Szwedowicz et al., 2008)  
3. Application of u/p dampers to gas turbine blades (2004) 

MTU also includes 
frictional dampers 
in its designs    

Russian experimental 
investigations of friction 
dissipation in the 70s & 80s

Pratt & Whitney applies 
also friction dampers

Snecma: develops its friction thin-walled dampers

Ecole Centrale de Lyon (2005)
1. Developments of the own code 
2. Test-rig for 2 pairs of real rotating 

blades in vacuum

FIAT AVIO (2002): also has experiences 
with friction damping - collaboration 
with Politecnico di Torino, which has 
non-rotating set-up 

Chinese researchers (2005): are repeating systematically the 
experiments with friction damping known from the US and 
European literature and are working out own codes

Mitshubishi uses 
sleeves assembled 
between winglets    

Griffin‘s results about 
under-platform friction 
dampers published in 1980

 

Figure 9-8: The most important R&D centers and universities working on friction damping  
for rotating blades and companies, which are interested in this technology. 

According to the open literature, only a few R&D centers are known with their long experiences in the blade 
dynamics including friction, such as: 

• Carnegie-Mellon Univeristy (Proff. Griffin) or Ohio University (Prof. Menq) in the USA  

• and Imperial College London (Prof. Ewins, Dr. Petrov, Dr. Sanliturk), Hannover University IfM 
(Prof. Popp), Ecole Centrale de Lyon or Politecnico di Torino in Europe. 



Bladed Disks: Non-Linear Dynamics 

9 - 10 RTO-EN-AVT-207 

 

 

These universities have set-ups, which are used for the experimental assessment of the tangential contact 
stiffness at different temperatures. Some of them have also rotating test rigs, which allow for measurements of 
single disc with real blades or beams like airfoils with under-platform dampers in vacuum (e.g. Figure 9-9). 

a)  b)  

Figure 9-9: Experimental set-up at Ecole Centrale de Lyon in France for measuring real blades 
with under-platform friction dampers in vacuum condition (Szwedowicz et al., 2006). 

From the theoretical point of view, the contact mechanics between the shrouds (winglet) have a lot of 
similarities with the theory describing the non-linear dynamics of under-platform friction dampers. However, 
only few papers deal with the forced vibration problems of shrouded discs. Griffin and Labelle (1996) 
presented a practical procedure for systematic damping analysis of shrouded blades taking into account 
mistuning effects of the real bladed disc and magnitudes of excitation forces in the spin pit environment. By 
their validation of the numerical results with the experimental data, they found some general difficulties in 
numerical predictions of strong nonlinear behavior of the measured commercial fan blades by applying the 
BDAMPER code (Yang and Menq, 1997). For designers, Griffin and Labelle (1996) propose some practical 
issues for the effective data presentation of non-linear vibrations of the shrouded blades. They assumed a 
constant friction coefficient of 0.4 for the analyzed titanium shrouds and estimated magnitudes of the normal 
contact forces from shroud dimensions and acting centrifugal loads. Borishanskii (1974) presents 
experimental results of the damping capabilities of the blade with shroud. Considering one-term HBM 
harmonic, Sextro (2002) developed efficient solution methods for calculating the spatial forced vibration of 
elastic structures with friction contacts including micro-slip effects due to roughness. His approach is 
implemented in the HADES and DATES codes for forced vibrations of the shrouded disk assemblies with 
non-linear friction and impact effects. The useful numerical and experimental investigations about the 
dynamics of the shrouded blade are given by Szwedowicz et al. (2003, 2005 and 2008). FORSE code from 
Imperial College London (Petrov, 2007) provides solutions for the blades dynamics with friction, which can 
be taken into account on contacts of elastic 3D sealing strips, shrouds and under-platform dampers.  

A very few papers consider forced vibrations problems of blades with friction bolts. The damping capability 
of pins within low pressure steam turbine blades numerically was investigated by Szwedowicz et al. (2008a, 
2008b). The obtained numerical results correspond very well to the experimental data. In addition, the non-
linear vibration results show that the damping capability of the analyzed friction pins can be scaled for 
different blade dimensions, since their vibrations do not experience too large response amplitudes. Indeed, the 
harmonic balance method allows only for vibration analyses of the system with low resonance amplitudes.  

In recent years, the friction damping in blade roots is in interest of researchers. Most of the papers study 
experimentally those phenomena, like for instance the work of Kielb and Abhari (2003), who investigated the 
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high pressure turbine blade with a fire-tree root. According to the experimental investigations of Matveev et 
al. (1970), the dissipation at the hinged radial roots does not differ from the damping ratio measured at 
standstill. These experimental damping values practically are equal to the material damping ratio, unless the 
bending load acts on the airfoil. Under a centrifugal load of 30 kN and a temperature of 350°C, the measured 
damping ratio ξ at the radial root, made of titanium alloy, increases linearly from 0.03% up to 0.7% by 
changing the bending load from 0 up to 350 N. At ambient temperature and no acting pressure, the measured 
modal damping ratio varies between 0.01% and 0.03% under a centrifugal force of 30 kN (Matveev et al., 
1970). These damping ratios correspond almost to the material damping of titanium alloy. These experimental 
investigation show that, relative frictional sliding motions between the blade root and the rotor disc are 
negligible because of high centrifugal stresses and in addition of pre-assembly forces within the root. The 
theoretical investigations of the friction damping in the root are presented by Chareleux et al. (2004), Petrov 
and Ewins (2004). These authors apply the similar approaches based on the laws of unilateral contact and 
friction, which are applied to a certain number of contact elements representing the mechanical interfaces of 
the blade root. These simulations permit for obtaining partial slipping as well as partial contact separation, 
thus the effective damping capability can be predicted in terms of rotational speed and friction coefficient.  

The elaborated mathematical models for simulations of the blade dynamics with friction are sufficiently 
mature for performing sensitivity analyses of non-linear forced vibrations (Petrov, 2005, Panning et al., 2004, 
Szwedowicz et al., 2001, 2003 and 2008b). However, the reliability of these investigations depends strongly 
on the correct assessment of friction coefficients as well as the values of the contact stiffness. Regarding these 
uncertainties, this report presents the engineering methodology, based on the non-linear and the linear 
numerical blade dynamics with friction, for designing blade couplings, like shrouds, winglets, lacing wires, 
zigzag pins or under-platform dampers. Active dampers, like for instance systems using the piezoelectric 
technology, are not discussed in this work. In fact, active damping technologies have still some technical 
limits considering the range of allowable temperatures in service. This report considers only passive manner 
of vibration control for rotating disc assemblies. 

3.0 TECHNICAL ASPECTS OF FRICTIONAL DISSIPATION USED IN 
ROTATING BLADED DISCS  

Resonance stresses, which lead to the failure of the rotating blades, can be effectively suppressed by the 
friction dissipation. Figure 9-10 shows that the resonance stress of the industrial low pressure steam turbine 
blade is reduced 6 times by friction bolts. These bolts are loosely assembled within holes of the adjacent 
airfoils at standstill.  
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a)  b)  

Figure 9-10: a) Reduction of the resonance stress of the industrial low pressure turbine stage by 
loosely assembled frictional bolt, where “sliding” and “sticking” denote contact conditions on 
interfaces of the bolt (Szwedowicz et al., 2008), b) Photo of the real friction bolt after 20 years. 

The technical principle of the friction dissipation in rotating blades is identical for all devices known in heavy 
turbines and in aero-engines, which are patented in a very large number. The friction damping can be 
considered either between adjacent blades on their shroud (winglet) contacts or on friction devices loosely 
assembled between adjacent blades. Under the operation condition, the rotating blades untwist themselves due 
to the centrifugal load. For the blade untwist determined at the operation condition of interest, the normal 
reaction forces between the shrouds (winglet) can be controlled. In case of the individual friction device, like a 
bolt shown in Figure 9-10, the centrifugal load pushes the friction device against the contacts of the adjacent 
airfoils and generates normal reaction contact forces. These contact forces depend on a mass of the friction 
device, its radial position and the rotational speed.  

Since the fundamental natural frequency of the unrestrained (free-free boundary conditions, Figure 9-11) 
friction damper is significantly higher than the blade eigenfrequency of interest, the damper can be treated as a 
rigid device in computations. It means that its individual vibration does not participate in the blade dynamics. 
In other words, the motion of a rigid friction damper can be described properly with its rigid body mode 
shapes. This is illustrated in Figure 9-11 for the friction bolt applied to the Siemens LP steam turbine blade. 
The first natural frequency of the unrestrained friction bolt is 40 times higher than the first bending 
eigenfrequency of the freestanding LP steam turbine blade, which is considered for the friction damping. 
Since the eigenfrequencies of the free-free friction damper are in the range of the blade eigenfrequencies, 
which are considered for the friction dissipation, then the multi-harmonic balance method needs to be used in 
the simulation (see details in Petrov, 2007). 

  
M-M 
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Figure 9-11: Relationship of the lowest natural frequencies of the unconstrained friction bolt to the 
resonance frequencies of the freestanding LP blade in the computed Campbell diagram. 

The most of friction devices, which are reported in the open literature, have a solid design of very compact 
dimensions, which are given in various shapes. The feature of the compact damper design allows for getting 
high natural frequencies of the unconstrained friction damper with respect to the lowest eigenfrequencies of 
the freestanding blade. Some of typical compact under-platform dampers are presented in Figure 9-12. These 
dampers are used for the friction damping of the lowest resonance frequencies of the rotating freestanding 
blades. Alternatively, a thin-walled structure (Figure 9-12e) that generates smaller contact stresses on a wider 
contact area in comparison to a solid damper can be found in the literature. By cutting down the height of the 
thin-walled damper, its mass can effectively be adjusted for needs of different blade sizes without changing 
too much the contact stiffness properties. Usually a mass of the under-platform friction dampers can vary from 
1 g (or even lower for special cases) up to several grams. 
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a)  b)  

 

c)  d)  e)  

Figure 9-12: Typical under-platform friction dampers used for damping  
the lowest resonance frequencies of the freestanding blades. 

a) Picture of a commercially applied under-platform frictional damper, where white-black strips 
determine the designed contact area (Csaba, 1998b) 

b) A flat under-platform damper in the 1st turbine stage of high pressure fuel turbo-pump of the 
main engine of the space shuttle (Dominic, 1984) 

c) A cylindrical frictional damper used at some Westinghouse blading wheels (Scalzo, 1992) 

d) A wedge damper investigated at Imperial College London (Sever et al., 2007) 

e) A thin-walled damper investigated at Ecole Centrale de Lyon (Szwedowicz et al., 2006) 

According to Panning’s experimental and numerical investigations (2005), cylindrical dampers with Hertz’s 
contacts (Figure 9-12c and Figure 9-13a) are less effective than the wedge dampers with flat interfaces 
because the cylindrical damper contour can roll on the flat contact surfaces of the blades. Indeed, this 
phenomenon it is known from the classical mechanics, which says that the rolling friction is less resistance in 
relation to the sliding friction. By considering a wedge damper with flat contact surfaces (Figure 9-13b), the 
inclination contact angle α has to be correctly determined in terms of the friction coefficient and acting 
contact forces for prevention of the wedge damper from jamming between the blades. For this reason, 
asymmetrical wedge dampers with inclination contact angles α and β (Figure 9-13c) are frequently used in 
bladed discs. For heavy V84.2, V64.3A and V94.3A(2) gas turbine blades, Siemens applies an asymmetrical 
damper with one curved and another flat contact (Figure 9-13d), whose good damping performances were 
proved numerically and experimentally under the spin pit and real service condition (Panning et al., 2004). For 
accelerating the design process of gas turbine blades with asymmetrical dampers, DATAR (Damping of 
Turbine Blades with Asymmetrical Friction Dampers) program code has been developed at University of 
Hanover for SIEMENS PG. 

 a thin wall 
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Figure 9-13: Types of the wedge under-platform friction damper, where G is the center of gravity of 
the damper, r is radius of the curved contact surface, α and β are contact inclination angles. 

If the resonance reaction forces are lower than the threshold friction force on the damper contacts, a damper 
couples the blades and the blade resonance frequency is higher than that of the blade without damper. This 
effect is illustrated in Figure 9-14. If the damper mass m equals 0, then the freestanding blade vibrates with its 
highest length H and the airfoil resonance frequency has its lowest value ωf. Since the mass m of the damper is 
too large and the dynamic reaction forces always are lower than the threshold friction force, the blades are 
coupled by the dampers. Then, each blade vibrates with its effective length h (see Figure 9-14) and the 
resonance frequency becomes its smallest value ωc. If the mass of the damper is determined optimally, 
vibrations of the blade mode shape of interest are effectively suppressed. Then, micro-sliding between the 
damper and the airfoil contact surfaces occurs, and the effective resonance frequency ωs of the blade with the 
micro-sliding damper locates itself between ωf and ωc. From the design point of view, the frequency 
difference Δω = ωc - ωf between the freestanding and coupled blade should not differ too much, so that blade 
resonance would remain in the excitation range of the considered engine order. Panning’s (2004) experimental 
investigation indicates that the fundamental weak bending resonance frequency of the freestanding V94.3A(2) 
Siemens gas turbine blade increases by 5% for the cylindrical damper (Figure 9-13a) and by 10% for the 
curved-flat dampers (Figure 9-13d).  
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Figure 9-14: Resonance response functions of the freestanding blade coupled  

by the under-platform damper in terms of the damper mass m. 

The similar resonance behavior can be found for the shrouded blade with respect to the magnitude of the 
normal force FN as it is shown in Figure 9-15. Since the normal force is too large, the shroud always couples 
elastically all blades. For case of too low normal forces, the blades are decoupled from each other at the 
shroud and each blade would vibrate as the freestanding airfoil. This can lead into rapid fatigue failure (e.g. 
DiCristoforo and Elledge, 2004). For the shroud connection, it is necessary to find out an optimal value of the 
normal contact force for the best performance of the friction dissipation of vibrating blades. 

m – mass of the damper, 
F – centrifugal load acting on the damper, 
uT – vibration amplitude of the airfoil platform,  
FT – tangential contact stiffness. 



Bladed Disks: Non-Linear Dynamics 

RTO-EN-AVT-207 9 - 17 

 

 

70 88 106 124 142 160 178 196 214 232 250
1 .10 7

1.41 .10 5

2.81 .10 5

4.21 .10 5

5.61 .10 5

7 .10 5

8.4 .10 5

9.8 .10 5

1.1202 .10 4

1.2601 .10 4

1.4 .10 4

f /Hz

μ=0,05

μ=0,07

μ=0,1

μ=1

μ=0,5

μ=0.6
μ=0,06

Δfd Δfi

FN = 400 N 

(optimal value)

strongly 
coupled 
blade

weakly 
coupled 

blade

Excitation frequency

R
es

po
ns

e 
am

pl
itu

de
 o

f t
he

 b
la

de
increasedecrease

FN=1000 N

FN= 0

FN=700 N

FN=500 N

FN=300 N

FN=200 N

FN=100 N

 

Figure 9-15: Resonance response functions of the shrouded  
blade in terms of the normal contact force FN. 

Besides the normal contact force, other parameters such as friction coefficient μ, the magnitude of the 
platform vibration uT as well as the local contact stiffness CT, influence on the damping performance for the 
rotating blades. An understanding of the influence of these four major parameters on the hystersis frictional 
loop is explained in Figure 9-16.  
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Figure 9-16: Influence of the damper mass m, rotational speed Ω, the  
radial position of the damper r, friction coefficient μ, the local  

tangential contact stiffness CT and response tangential  
amplitude of the contact surface (without damper)  

uT on the damping performance.  

If vibrations of the blade platform uT are too small, what means that the blade shank is not enough flexible, the 
friction damper would not slip as much as it is possible for getting the highest damping performance (see 
Figure 9-16). The threshold friction (shear) force depends on the damper mass m, the rotational speed Ω, 
radial position r of the damper within the bladed disc and on the friction coefficient μ. Since the threshold 
contact force FT is too small, the hystersis frictional loop does not reach its possible optimal amount, as it is 
shown in Figure 9-16 (see the left lower hystersis frictional loop). Finally, the local tangential contact stiffness 
CT affects the friction damping performance (see the right upper hystersis frictional loop in Figure 9-16). 
Since the elastic local deformation between the airfoil surface and the damper contour is too large, the damper 
can only couple elastically the blades and the frictional slipping might never be generated on the contact. In 
reality, the local elastic deformation between the damper and airfoil always occurs, although the lowest 
eigenfrequencies of the unrestrained damper are much higher the blade eigenfrequnecy, which is considered 
for the frictional damping. The engineering sense of the local tangential contact stiffness CT is explained in 
Figure 9-17. Multiplying the local tangential contact stiffness CT by relative deformations uT,j and uT,j+1 of the 
adjustment blade platforms j and j+1 the tangential reaction on the contact is generated. This force allows for 
damper sliding, if it is bigger than the threshold friction force μ FN. Then, this slip condition can be expressed 
by 

7) ( ) NjTjTT FtutuC μ≥− +1,, )()(  , then the damper slips on the contact, where t denotes time. 
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Figure 9-17: Engineering sense of meaning of the local tangential contact  
stiffness CT for slipping of the friction damper, where deformations  

uT,j and uT,j+1 of the adjustment blade platforms j and j+1. 

In equation (7), the relative deformation Δu(t)T,j = u(t)T,j – u(t)T,j+1 of the adjustment blades j and j+1 
influences significantly the damping performance of the damper. Considering the tuned blades in the turbine 
stage coupled additionally by an elastic disc, the damper hypothetically does not produce any friction 
dissipation when the blade disc vibrates with the 0-th nodal diameter. For this case, all blades vibrate with the 
same phase along the circumferential direction. But the damping performance of the damper continuously 
grows with higher number of the nodal diameter number. Its highest performance theoretically is obtained for 
the out-of-phase mode shape of the disc vibrating with nodal diameter number n = N*/2, where N*=N-1 or 
N*=N for the odd or even number N of the blades in the stage, respectively. In reality, the blades are mistuned 
and the damping performance of the damper also can be noticed for the lowest nodal diameter numbers.  

The engineering process of the blade designing exploiting of the friction dissipation is complex numerical 
analysis. As it is shown in Figure 9-18, this process needs to be based on the special numerical tool, which 
uses data from the FE simulation, measurements of the friction coefficient, wear rate and other contact 
parameters, like surface roughness. Although some of these design tools (for instance Petrov’s code, 2007) are 
able to consider many details of the dynamic contact behavior with variable normal contact forces and contact 
roughness as well as mistuning of blades, the engineer must always face up different uncertainties due to the 
real contact behavior and unknown excitations acting on the blades. These aspects will be considered further 
in this report. However, the fundamental role of thumb says that before beginning the entire designing 
process, the vibration ratio between the airfoil tip and the platform needs to be proved firstly. Since this 
vibration ratio of the platform deformation uPLATFORM to the deformation of the airfoil tip uTIP (see Figure 9-18) 
is less than 9, then considerable high damping performance can be achieved. 

FN,j 

μFN,j 
uT,j uT,j+1 

vT,j 

FC = m r Ω2 
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Figure 9-18: The engineering process of the blade designing considering the frictional  
dissipation based on the dynamic synthesis and the harmonic balance method. 

The friction damping technique is based on micro-sliding on the contact, which can lead to fretting fatigue. 
The fretting wear and corrosion are avoided usually by using proper oxide coatings, which are proved by a 
series of fretting experiments (Swikert and Johnson, 1968).  

4.0 REFERENCE BENCHMARK OF THE BLADE DYNAMICS WITH FRICTION 
DISSIPATION 

The here presented methodology for the numerical analysis of the blade dynamics with friction is considered 
for the last low pressure (LP) steam turbine blades with friction bolts (Szwedowicz et al., 2008a and 2008b), 
which were designed at Siemens PGI in the 80s. This is a straightforward approach considering engineering 
needs in the design process of the blades with friction at shrouds, winglets, bolts, lacing wires or under-
platform dampers including the elastic disc coupling. The whole numerical process is done for the tuned disc 
assemblies.  

For computations of nonlinear forced blade vibrations with frictional sliding, the DATES code is applied here. 
This program allows for analyzing friction dissipation on contacts of a shroud, a winglet, a wire and an under-
platform. Its solution technique of the non-linear dynamics is based on the linearization of friction forces with 
one Fourier component by using the harmonic balance method. Thus the frictional hystersis loop is 
represented with the elliptical form as shown in Figure 9-5a. The development of this code was supported 
within industrial-government consortia FVV1 at University of Hanover (Sextro, 2002, Panning, 2005) in 
Germany. 

                                                      
1  FFV - Forschungsvereinigung Verbrennungskraftmaschinen 
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The last LP steam turbine SK-stage has strongly twisted and tapered blades as it is shown in Figure 9-10. The 
airfoil is bolted to the rotor through 4 fingers of its radial root with 2 conical pins (Figure 9-10a). In the upper 
airfoil part, bolts with conical ends are loosely fitted within the cylindrical hollows of adjacent blades. By 
increasing the rotational speed, N blades are coupled by these bolts. They can operate as friction dampers, in case 
that the excitation exceeds the threshold friction forces Fμ between the bolt and the airfoil. Then, resonance 
stresses of the SK-blades operating with variable rotational speed are effectively reduced below the maximum 
allowable value. For the 1st frequency family, this damping capability of the smallest SK-blades was 
experimentally developed and validated at the set-up of the real turbine unit at the Stuttgart University in the 
early 80s by Wolter (1980), Figurski (1981, 1992), Beckbissinger (1982), and Pfeiffer (1985). The experimental 
results of the dynamic and damping behavior of these blades are well summarized by Wachter et al. (1983). Disc 
vibrations were measured with 12 gauges placed at position A of 12 adjacent airfoils (Figure 9-19). This gauge 
location was determined by Wolter (1980) for the freestanding blade. Between 4500 and 15000 rpm, the blades 
with bolts were investigated for different mass flow and back-pressure indicated by tests A, B, C, D and P, 
considering resonant stresses of the 1st eigenfamily, which are shown in Figure 9-19c. In all these tests, double 
resonances ω’ and ω” were measured, what relates to 2 standing vibration waves in the mistuned disc assembly.  

  

Figure 9-19: a) FE static bending stresses of the last low pressure steam turbine SK-blades at the nominal speed 
Ωn, where Λ is position of the resulting excitation force at the radius hΛ , b) the test rig with the SK-turbine at the 

Stuttgart University (Wachter et al., 1983), c) Variation of the order tracking of the 8th engine order of the 1st 
resonance frequencies at blade 4 for different service conditions A, B, C, D with full steam loading and P  

with partial arc admission, where ω’ and ω” are resonance amplitudes of the mistuned bladed disc. 

In the dynamics of SK-blades, the friction dissipation at the radial root is neglected regarding the minor disc 
influence on blade vibrations and insignificant mode shape oscillations in the lower part of the blade 
(Szwedowicz et al., 2008a). For different mass flow conditions between tests A and P (see 3% difference 
between resonance frequencies Δω = ω’P - ω’A in Figure 9-19 and dashed-pointed lines), the identified frequency 
shifting proves the presence of friction dissipation on the bolt contacts (see explanation in Figures 9-14 and  
9-15). Therefore, the dynamic reactions and friction forces F(t)μ have to be included in the SK-blade vibrations.  

At the rotational speed Ω, temperature T, and friction coefficient μ, the static blade deformations and reaction 
forces at the bolt contact regions are obtained from the cyclic FE model. The FE contact area and resulting 

c) 
a) 

b) 
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forces RS3 and RP3 are illustrated in Figure 9-7. The expected elliptical contact area A=πaobo has to be 
approximated with the equivalent rectangular contact area A=ab (Figure 9-3) because of some restrictions and 
simplifications in the applied software. 

Periodic blade vibrations with friction bolts are described with the cyclic symmetrical hypothesis and the 
component mode synthesis. For the computational accuracy, the frequency response functions (FRF) of the 
bladed disc have to be represented at least with 15 FE mode shapes, as it was proved for the shrouded blade 
by Treyde (1994). Because the natural frequencies of the unconstrained friction bolt are far away from the 
frequency range of interest (see Figure 9-11), flexibility of the damper is not essential for reliable 
computations and it is modeled here as a rigid coupling element. 

The cyclic FE dynamic equations of the tuned disc assembly, whose n-th nodal diameter number is excited 
harmonically by engine order k, are expressed in the time domain t as 

8) ( )[ ]{ } [ ]{ } ( )[ ]{ } { } ( ){ }C
tjk

kn
jn

nn
jn tFeFweKwDweM +=++ Ωϕϕ &&& , 

where the Rayleigh damping matrix [D] is defined by a linear combination of the mass [M(ejnϕ)] and stiffness 
[K(ejnϕ)] matrices depending on the cyclic sector angle ϕ=2π/N and nodal diameter n = 0, 1, 2, …, (N-1)/2 for 
the odd number N of the analyzed blades. In the modal domain for the excitation orders of interest, the 
proportional damping matrix [D] is redefined with the modal damping ratios ξ, which are known from the 
experiment. The generalized complex vector {w} = {{z},{q}}T describes vibrations of the internal nodes {q} 
and external nodes {z} located on the cyclic boundaries of the FE model (Szwedowicz et al., 2008a). In terms 
of excitation magnitude, the generalized vector {F(t)C} contains either two tangential R(t)s and one normal 
R(t)n contact reaction forces for sticking contact condition or two friction forces F(t)μ and one normal reaction 
force R(t)n for sliding contact condition at the bolt. For the high centrifugal load acting on the bolts, the 
contact separation (F(t)n < 0) should not occur for the analyzed 1st blade eigenfamily. In simulations, the 
separation is proved by validation of the load equilibrium on the contact regarding a negative resulting normal 
force as undesired results from the design point of view. Then, the mass of the bolt needs to be increased for 
preventing it from possible impacting effects in the contact region, which can induce fretting fatigue 
(Szwedowicz et al., 2005). 

For the considered harmonic excitation, the blade response is treated also as harmonic vibration by 
representing the periodical non-linear friction forces F(t)μ with the complex Fourier series. This HBM 
linearization is applicable for weak non-linearities, which depend on the frictional hysteresis determined by 
both velocity and displacement of the contact point. For the simplicity, only the fundamental Fourier 
coefficient is taken into account, which assures a conservative assessment of the minimum friction dissipation 
on the contact. By application of more Fourier coefficients (Wang and Chen, 1993, Petrov, 2006), the real 
shape of frictional hysteresis can be determined more exactly, instead of the elliptical form obtained with one 
complex Fourier coefficient (see Figure 9-5b). Besides the main blade resonance ωi,n=kΩ as it is calculated for 
the fundamental Fourier harmonic, the utilization of higher numbers of the Fourier harmonics predicts also the 
sub- and super-harmonic responses due to contact non-linearity (Petrov, 2006).  

In the design process, the blade mistuning is not a deterministic quantity and therefore, the tuned system of the 
blades is taken into account. Then, according to the orthogonal condition between the disc mode shape and 
excitation form, the blade resonances with the satisfied condition k=n are considered only. By applying the 
modal transformation to equation (8), the blade dynamics with the linearized contact forces are reduced to 
modal equations of n-th nodal diameter vibration as 
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where ()*T denotes the conjugate transposed complex mode shape vector {Φo}i,n and fi,n,k is the modal force, 
which is expressed as 

10) { } { }k
T
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In equation (10), index i.n means the disc mode shape of the i-th eigenfamily vibrating with the nodal 
diameter n and { } T

ni
*
,

°Φ  is the conjugate transposed vector of the FE mass-normalized mode shape {Φ°}i,n = 
{φ°i,n}c + j{φ°i,n}s, of the blade represented by the cyclic FE model. The parameter Fk is the excitation 
amplitude of the k-th engine order. In equation (9), the modal dynamic stiffness hi,n,k is given as 

11) ( ) 2
,,,

2
,, 2 nininikni kjkh ωξω +Ω+Ω−= . 

The contact force fc in equation (9) depends on the relationship Δui,n between the blade and the bolt modal 
displacements on the contact, as it is determined by Siewert et al., (2006). The here used theory is explained in 
detail by Sextro (2002) and is based on the harmonic balance method and the dynamic synthesis. The FE 
elliptical contact area is simplified by the equivalent rectangular shape a×b (Figure 9-7) for the contact 
discretisation on each end of the bolt. Each contact area is represented with 100 η×ζ contact points (where 
η=10 and ζ=10). At each contact point ηι×ζι three contact conditions are possible, such as: slipping, sticking 
or separation. This discretisation allows predicting local micro-slips, stick-slip, stuck and separation in 
different regions of the contact. The local contact stiffness and contact forces at each ι-th contact point ηι×ζι 
are obtained from the resulting normal CN and tangential CT contact stiffness and resulting FE reaction forces 
R (see e.g. point Cs in Figure 9-7) by using the multi-point constraints. Applying the kinematic constraints, the 
initial spatial motion of each contact point ι is determined from the oscillations of the resulting contact point 
CS or CP (Figure 9-7), which are known from the FE free vibration calculation.  

Because the fundamental natural frequency of the unconstrained bolt is 40 times higher than the 1st blade 
eigenfrequency (see Figure 9-11), the bolt is considered as a rigid body for the analyze of the 1st eigenfamily 
vibrating with nodal diameters between 6 and 13 according to the Campbell diagram. Then, 6 rigid body 
motions of the bolt are used in the modal simulations. 

 

Figure 9-20: Illustration of the 3 lowest mode shapes of the blade without bolt coupling  
used for the modal transformation of the FE disc vibrations of the nodal diameter n=9. 

i.n=1.9 i.n=2.9 i.n=3.9

…

i.n=1.9 i.n=2.9 i.n=3.9

…

n denotes the nodal diameter number

Green lines relate to the static FE deformation of 
the disc sector at rotational speed Ω 

In the used mode component synthesis, I=30
mode shapes represent the disc vibration for nodal 
diameter n of interest.  
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The modal steady-state response analysis is performed with a sweep excitation for a chosen frequency step 
ΔΩ of interest. The computation starts from frequency Ωlower_band and is completed at the end frequency 
Ωupper_band, where Ωlower_band < kΩ < Ωupper_band. For each excitation frequency Ωe = Ωlower_band + pΔΩ, where 
p= 0, 1, 2, …, (Ωupper_band - Ωlower_band)/ΔΩ, the non-linear modal dynamic equation (9) is solved by using the 
Newton-Raphson method (Kelley, 2003). The blade dynamic stress σn, strain εn or displacement wn 
amplitudes are determined by the transformation of the calculated complex modal responses ui,n into the 
Cartesian system as 
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The entire modal non-linear dynamic analysis is very efficient in practical application. Using ordinary 
computers any order tracking of the specified n-th nodal diameter (e.g. see Figure 9-19c) is computed in a 
short time within the frequency range of interest for the known excitation force, friction coefficient and the 
resulting contact stiffness CN and CT.  

4.1 Determination of the Local Contact Stiffness 
The determination of the local contact stiffness is very essential aspect for reliable simulations of the blade 
vibration with friction dissipation. For the contact stiffness assessment, 4 approaches are known in the 
literature which are based on  

i) The analytical solution,  

ii) The non-linear FE analysis,  

iii) The residual stiffness analysis, and 

iv) The FE-modal contact adjustment.  

The analytical manners are limited to the circular or elliptical contact areas, which are calculated with the 
Hertz’s (1882) or the Catteano-Mindlin theory (Balmer, 1992), respectively. The shape of the contact area is 
unlimited in the non-linear static FE methodology of the stiffness contact computation proposed and 
validated in by Szwedowicz et al., (2001 and 2006). In this method, although a very fine FE mesh is used for 
the contact representation, the stiffness values usually are overestimated in relation to the experimentally 
results of about 6-11% because of the neglected surface roughness as well as adhesive contact and viscous-
elastic solid behavior. Figure 9-21 shows the comparison of the experimental stiffness evaluated from the 
measured hystersis frictional loop with the two-dimensional FE results of the specimen with the Hertz’s 
contact. For friction coefficients of 0.5 and 0.7 known from the quasi-static measurement, the numerically 
determined tangential contact stiffness values are overestimated for ambient as well as for the evaluated 
temperature between 400°C and 600°C (Figure 9-21c). By an increase of the temperature, the contact stiffness 
reduces as it is confirmed by the measurements in Figure 9-21c.  
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Figure 9-21: Specimen (a), 2D FE model (b) and the comparison of the calculated contact stiffness for friction 
coefficients of 0.5 and 0.7 with the experimental data (c) measured at the ALSTOM set-up for quasi-static tests. 

The evaluation of the experimental contact stiffness from the measured hystersis frictional loop is explained in 
Figure 9-22a. Figures 9-22b illustrates the methodology for the FE computation of the contact stiffness. Firstly 
the centrifugal load is applied to the damper and the platform to find the contact area for the specified friction 
coefficient. For the calculated deformed state, a small virtual acceleration GN in the normal direction n is 
firstly applied incrementally to the damper. By increasing the acceleration, at each numerical increment i 
corresponding to the increase of the acting load, the normal reaction force RN,κ,i and normal contact 
deformation uN,κ,i are obtained at each node κ, which is in contact with the platform. At the numerical 
increment i, the nodal contact stiffness kN,κ,i at node κ  in the sticking contact is determined from 

13) kN,κ,i = (RN,κ,i – RN,κ,i-1 ) / (uN,κ,i – uN,κ,i-1). 

For all nodes Κ in contact, whose number varies depending on the magnitude of the centrifugal load and the 
elastic damper deformation, the parallel arranged virtual normal springs represent these elastic behavior. The 
total normal contact stiffness CN,i is then found at each FE increment i as 

14) ∑
Κ

=

=
1

,,,
κ

κ iNiN kC . 
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Figure 9-22: a) Evaluation of the contact stiffness from the measured hystersis  
frictional, b) Numerical manner for the computation of the contact stiffness. 

By applying a virtual acceleration GT (Figure 9-22b) in tangential direction t to the damper, very small 
tangential deformations of the damper in contact with the platform are induced for an assumed friction 
coefficient. For the tangential reaction force RT,κ,i and tangential contact deformation uT,κ,i, the tangential 
contact stiffness kT,κ,i at node κ in contact is determined in the same manner as the normal contact stiffness 
kN,κ,i from  

15) kT,κ,i = (RT,κ,i – RT,κ,i-1 ) / (uT,κ,i – uT,κ,i-1), 

where i denotes a numerical increment of the non-linear FE solution of the contact problem. The obtained 
nodal tangential springs at all nodes Κ in contact are in serial arrangement and the total tangential contact 
stiffness CT,i is found at each FE increment i from 

16) ∑
Κ

=

=
1 ,,,

11
κ κ itit kk

. 

In Figure 9-23, the FE results of the computed contact behavior of the cylindrical friction damper are 
presented, which are used for the evaluation the tangential contact stiffness CT. The sensitivity of the 
tangential contact stiffness of the same damper in terms of the friction coefficient and the radius of the damper 
outer contour is given in Figure 9-24.  
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Figure 9-23: Numerically computed stiffness sensitivity of the cylindrical friction  
damper in terms of the normal contact force FN and radius R shown in Figure 9-23. 

 

Figure 9-24: Numerically computed sensitivity of the contact stiffness of the cylindrical  
friction damper in terms of the normal contact force FN and radius R shown in Figure 9-23. 

For the correct prediction of the static blade deformation in the modal domain by using I number of mode 
shapes, the residual stiffness method is introduced by Sextro (2002). The same pressure is imposed on the 
contact area of both uncoupled blade in the FE model and the modal blade model (equation 9). Then, the 
quasi-static contact deformations are calculated with the non-linear modal model for an excitation Ωlower_band of 
about 1 Hz. The same is done with the FE model. Finally, the residual stiffness is calculated by relating both 
solutions to each other. More details of this process are described in Siewert et al. (2006).  

Here, the FE-modal stiffness adjustment approach is used, which is proposed by Szwedowicz et al. (2005, 
2006, 2008b). This analysis is based generally on the well-known 1D characteristic of disc vibrations. Firstly 
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the initial normal CN,o and tangential CT,o contact stiffness values between the damper and airfoil are estimated 
with the Hertz’s formulas. For the neglected friction dissipation and the sticking contact condition, the modal 
nodal diameter curves are computed by solving equation (9) for the estimated contact stiffness CN = CN,o ± 
ΔcN and CT = CT,o ± ΔcT (see Figure 9-25). Then, the modal and FE nodal diameter curves are compared to 
each other. If the discrepancy between the FE and modal resonance frequencies is above the allowable relative 
error, the computation of the modal diameter curves is repeated again for new ±ΔcN and ±ΔcT values.  
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Figure 9-25: Graphical illustration of the methodology principle for the FE-modal stiffness adjustment. 

For the here considered blade with friction bolts, this iterative process delivers finally the resulting contact 
normal and tangential stiffness CN,S and CT,S at the left and CN,P and CT,P at the right contact points CS and CP 
of the bolt (Figure 9-7). According to the comparison of the experimental and numerical results for the shroud 
coupling as well as for the under-platform damper, the non-linear FE and the FE-modal contact adjustment 
method predict contact stiffness values in the reliable manner especially for the lowest eigenfamilies of the 
bladed disc. As it is proved by Siewert et al. (2006), its application in the non-linear blade dynamics delivers a 
better agreement with the measured resonance frequencies and resonance amplitudes than e.g. the residual 
stiffness approach. The application of this approach is illustrated for the friction bolt coupling in Figure 9-26 
and for the shroud coupling in Figure 9-27. For the determined contact stiffness for the sticking contact 
condition (see explanation in Figure 9-25), the maximum errors of 1.2% and 4% are found for the shroud and 
bolts, respectively. More details about these analyses can be found in Szwedowicz et al. (2005) and (2008b). 
In general, as it is shown in Figures 9-26 and 9-27, the contact stiffness values for these both couplings differ 
significantly to each other. 
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Smallest SK-blades, ABAQUS versus Modal Model for sticking contact condition at the 
nominal speed
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Figure 9-26: For the nominal speed ABAQUS results and DATES nodal diameter curves for  
the adjusted tangential CT = 29 MN/m and normal CN = 59 MN/m contact stiffness  

at the friction bolts assembled loosely in the blades (Figure 9-7). 
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Figure 9-27: For the nominal speed, ABAQUS results and DATES nodal diameter curves for the 

adjusted tangential kt = CT = 2.0 MN/m and normal kn = CN = 6.2 MN/m contact stiffness at the  
Z-lock shrouded blades, which are assembled together with clearance at standstill. 

4.2 Assessment of the Overall Damping Acting on the Blade 
The friction damping is an additional dissipation source in the overall damping acting upon the blade. The 
vibrating damping is damped mainly by aerodynamic viscous and hysteretic (material) dissipation. The 
material damping depends generally on alloy properties, temperature and the magnitude of the normal 
dynamic stresses in the vibrating blade. Figure 9-28 shows experimental modal damping ratios for different 
alloys, which were measured by Schmidt (1962). The highest damping values are for X20Cr13 and 
X22CrMoV12.1 alloys. For other alloys, the material modal damping ratios are below 0.08%, when the 

δ1,max=1.2%
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dynamic stress magnitude reduces below 100 MPa. For rotating components, which experience high mean 
stresses, the material damping is negligible small and usually its dissipation meaning is omitted in the design 
consideration. Since the maximum dynamic stresses occur in regions subjected to low mean stresses, the part 
might stand high dynamic loadings regarding the Haigh’s diagram. Then, the material damping can be 
considered as a helpful dissipation source. In the most cases the material damping is determined 
experimentally (see e.g. Figure 9-28). Also, the material modal damping ratio ξint can be determined as 
(Lazan, 1968) 

17) ( )CpBp

A

EE

dVJ

,,
int 4 +

= ∫
π

σ
ξ

η

, 

where J and η are material constants obtained from experiments, which for instance are equal to J=2×10-10 
and η=2.1 at 500°C for X20Cr13 blade alloy. In equation (17) V indicates volume of the vibrating structure, 
Ep,B and Ep,C denote strain energies for the bending and centrifugal loading of the blade, respectively. These 
energies can be obtained from the static FE blade calculation. In terms of the dynamic stress σA in equation 
(17), the material damping is remarkable for martensitic steel alloys with 12% chromium (Cr), and 
insignificant for most other steel alloys as it is presented in Figure 9-28. For instance for the X20Cr13 alloy, in 
ambient temperature the experimental material modal damping ratio ξint (Pfeiffer, 1985) changes linearly from 
0.04% up to 0.27% by increasing the dynamic normal stress from 40 MPa up to 100 MPa. Below 30 MPa, the 
material damping is usually not measured. 

Material damping  ratios from R.Schmidt, 'Resonanzverhalten und Schwingungssicherheit der Schaufeln 
von Turbomaschinen', Maschinenbautechnik, 11 (1962), Heft 12
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Figure 9-28: The modal damping ratio ξint in terms of the amplitude of the  
normal dynamic stress at the ambient temperature (Schmidt, 1962). 
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Besides the friction dissipation, the essential damping comes from the aero-dynamics under service 
conditions. The aero-damping can be determined either with the numerical flutter analysis (Lampert et al., 
2004) or from the measured resonance frequency responses (Brown, 1981). Usually the aero-damping is 
evaluated experimentally from the measured resonance response function, since the blade is freestanding or 
then the contact forces acting on the airfoil interfaces are enough high, so that the friction dissipation can be 
neglected.  

Not many experiments about the measured aero-damping properties are given in the open literature. For 
instance, Wolter (1980) measured dynamic stresses of 12 freestanding steam turbine blades, which were tested 
at the set-up with the real steam turbine shown in Figure 9-19. His measured resonance frequency response 
functions are presented in Figure 9-27a. Using the half-band method (Brown, 1981) the evaluated modal 
damping ratios varies between 0.21% and 0.40% for the partial arc admission excitation which corresponds to 
higher excitation loads (compare P and A in Figure 9-19c). For the nominal service condition, the damping 
ratios of these blades are slightly smaller and the damping ratios vary between 0.17% and 0.19% (Figure  
9-29b). This is probably due to the lower contribution of the material damping to the reduction of resonance 
stresses in the blades. Considering uncertainties in this evaluation as well as in the measurements, the 
damping magnitudes of the analyzed freestanding steam turbine blades in service can alter between 0.2% and 
0.3% mainly due to the aero-damping dissipation. In the comparable range between 0.23% and 0.35%, the 
experimental modal damping ratios ξ are found experimentally by Kielb and Abhari (2003) for the rotating 
high pressure blades. 

 

Figure 9-29: The experimental overall modal damping ratios where ξm  
denotes the damping value for blade m (Szwedowicz et al., 2008b). 

a) Freestanding blades for excitation of the partial arc admission, 

b) Freestanding blades under the nominal service condition with the ordinary stator arrangement 

c) Blades with bolts for the excitation arranged by the partial arc admission 

d) Blades with bolts under the nominal service condition with the ordinary stator arrangement 

From Beckbissinger’s (1982) experimental resonance response curves given in Figure 9-8c, the evaluated 
modal damping ratios of the blades (Figure 9-19) coupled by the bolts can vary between 1.6% and 1.8% for 
the excitation arranged by the partial arc admission. For the nominal service condition with the ordinary stator 
arrangement, which causes lower excitation, the damping values become smaller and alter between 0.7% and 
1.2%. For all operation conditions, the evaluated overall damping magnitudes of the blades coupled by bolts 
are at least 3 times higher than those for the freestanding blades.  
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Besides the considered friction dissipation at the bolts, the friction damping can occur also in the root of the 
analyzed blade (Figure 9-19). For different centrifugal and bending loads, Matveev (1970) measured damping 
dissipation in the radial root with 2 fingers assembled by one pin to the rotor. For a centrifugal load of 30 kN 
and a temperature of 350°C, the measured damping ratio ξ at the analyzed root, made of titanium alloy, 
changes linearly from 0.03% up to 0.70% by increasing the bending airfoil load from zero to 350 N. Recently, 
frictional capabilities at the blade roots like in dovetail or fir-tree joints are investigated more and more 
numerically (Charleux et al., 2004, Petrov, 2004).  

Non-linear vibration simulations of the blade with friction dissipation can be done for the artificial viscous 
modal damping ratio to get reasonable resonance response level in the steady-state sweep analysis. This 
artificial viscous modal damping ratio should be corresponded to the expected aero-damping magnitude or to 
any reference values given in this report. Examples of the sweep steady-state dynamic analyses including 
friction dissipation are given in Figure 9-30. 
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Figure 9-30: Numerical steady-state dynamic analyses including friction  
dissipation swept through the lowest resonance of the shrouded blade. 

5.0 PERFORMANCE DIAGRAM OF VIBRATING BLADES 

Usually the excitation acting on the rotating blades are not known very well, especially for the new design. 
Indeed, the static stresses are known quite good from the FE computation and the endurance ratios can be 
determined from the Haigh’s diagram. These endurance ratios are treated then as the allowable resonance 
stresses in the design process. In addition, the dynamic blade analysis including friction dissipation must deal 
with physical uncertainties of the friction coefficient and contact stiffness. Another difficulty it is the 
evaluation of the damping magnitude from the resonance response function of the blade effectively damped 
by the friction dissipation. Then, the resonance response function has no more regular function shape as it can 
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be compared between 2 resonance frequencies of the out-of-phase and in-phase mode shapes of two blades 
damped with under-platform damper in Figure 9-31. For this case, the modal damping ratio ξ of the in-phase 
resonance frequency can be evaluated by using the half-band method as  

18) 
rω
ωω

ξ
2

12 −
= , 

where the resonance frequency ωr and frequencies ω1, ω2 are illustrated in Figure 9-32.  
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Figure 9-31: Creation of the experimental performance curves from the measured  
resonance response functions of the two blades with an under-platform  

damper tested at the non-rotating. set-up (Szwedowicz et al., 2001). 
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Figure 9-32: Application of the half-band method for the evaluation of the modal  
damping ratio ξ from the measured resonance response curve (RRF)  

of the shrouded disc (Szwedowicz et al., 2003). 

The response of the out-of-phase resonance frequency in Figure 9-31 is suppressed so much that the half-band 
method cannot be applied considering the reliability of this evolution. Considering all these difficulties, 
Cameron et al. (1987) have introduced a very useful criterion for comparison of the vibrating blades with 
friction dissipation, which is called the performance diagram (Figure 9-31). As it is shown already in Figure  
9-32, this evaluation concept merges all resonance stresses determined for different excitation amplitudes 
considering scatters in the physical data and relates them to the allowable resonance stress known from the 
Haigh’s diagram. 

Excitation amplitude Fe

R
es

po
ns

e 
am

pl
itu

de
 σ

where μ1 < μ2 < μ3

Fe,max - allowable excitation 
amplitude with damper

Allowable dynamic stress, σmax

Resonance responses of the blade without friction dissipation

Resonance responses of the blade with friction coefficient μ1

Resonance responses of the blade with friction coefficient μ2

Resonance responses of the blade with friction coefficient μ3

Fo - allowable excitation
amplitude without damper

Excitation amplitude Fe

R
es

po
ns

e 
am

pl
itu

de
 σ

where μ1 < μ2 < μ3

Fe,max - allowable excitation 
amplitude with damper

Allowable dynamic stress, σmax

Resonance responses of the blade without friction dissipation

Resonance responses of the blade with friction coefficient μ1

Resonance responses of the blade with friction coefficient μ2

Resonance responses of the blade with friction coefficient μ3

Fo - allowable excitation
amplitude without damper

 

Figure 9-33: Explanation of the performance diagrams of  
blade vibrations with and without friction dissipation. 
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By increasing slip amplitudes of the damper on contact, a scatter in the measured blade responses increase too, 
what can be seen in the performance diagram in Figure 9-34. In the damper motion by increasing the 
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Figure 9-34: The measured performance diagram of the blade amplitudes damped by  
the under-platform damper (Figure 9-31), with the shown scatter in the experimental  

results increasing with bigger motions of the damper (Szwedowicz et al., 2001). 

If the contact stiffness is determined properly, the numerical simulations of the blade vibration with friction 
damper can be predicted with very good agreements to the measured results. In Figure 9-35, the computed and 
measured performance diagrams of the blades with the under-platform damper are compared to each other 
with the satisfied agreement. 

excitation magnitude, like also on the shroud interface, three contact behaviors, such as: 

• The sticking contact condition,  

• The effective sliding of vibrating contacts, 

• Chattering of sliding contacts 

can be identified, as it is presented in Figure 9-34. For low excitations, the dynamic reactions on the contact 
are lower than the threshold friction force and then the blades are coupled with the friction damper (or on the 
shroud interface). Since the dynamic reactions exceed partially the friction threshold force on some regions of 
the contact area, the blade vibration is suppressed more by micro-slips on the damper (or on the shroud) 
interfaces. By further increase of excitation forces, larger regions of the contact area are in micro-slipping 
behavior and the blade damping steps up. The growth rate of the dynamic stresses is effectively smaller than 
that of the excitation increase. This contact behavior refers to the most effective damping performance. By 
further growing of the excitation forces acting on the blades, chattering of sliding contacts occurs, what 
corresponds to less effective frictional damping capabilities. This contact behavior is out of engineering 
interest. Usually the sticking and effective slipping contact behavior of the damper (or the shroud) is 
considered mainly in the design process.  
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Figure 9-35: The measured and computed performance diagrams of two blades with the under-platform  
damper for different dead loads FC = M g, where ‘centrifugal’ mass M denotes the mass hanging on  

the damper in the test and g is the gravity acceleration (see details in Szwedowicz et al., 2001). 

In the development of friction dampers, the experimental validation of the computed damping performance is 
an important design stage. Frequently, the designed damper is tested firstly in the not-rotating set-up shown in 
Figure 9-31. At this set-up, the damper is loaded by the dead load S = M g, which corresponds to the expected 
centrifugal load FC acting on the damper under the blade operation condition at the rotational speed Ω. The 
relationship between these forces is given by  

19) ( )22 Ω== πrmgMS , 

where M is the mass hanging on the damper, g=9.81 m/s2 is acceleration of the gravity, r denotes the radial 
position of the damper in the bladed disc, m is the mass of the damper and Ω means the rotational speed of the 
turbine.  
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The next step in the damper design, it is the measurement of its damping performance in the rotating test rig. 
To save an effort of the experimental work, different dampers, for instance of various masses m, are arranged 
in different circumferential positions within the same bladed disc. Then, by measuring vibrations of these 
blades assembled with these various dampers, their damping capabilities can be proved experimentally during 
one measurement. This kind of the measurement is called a rainbow test. Also, the special test rigs can be 
found for pairs of two blades coupled with a damper. These blade pairs are placed diametrically on opposite 
disc sectors, as it is shown in Figure 9-9. The experimental and numerical performance results from this test 
rig at Ecole Centrale de Lyon in France of 2 real high pressure turbine blades damped with a thin-wall under-
platform damper (Figure 9-9) are given in Figure 9-36.  
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Figure 9-36: The experimental performance curves of the 2 mistuned rotating high pressure blades 
with the thin-walled damper (Figure 9-9) compared to the numerical ones of the tuned blades 

obtained for friction coefficients μ of 0.1 and 0.2 in vacuum (see details in Szwedowicz et al., 2006). 

6.0 CONCLUSIONS 

The design process of the rotating blades with friction damping capability can be done effectively by using a 
numerical tool based the harmonic balance method, which provides less time consuming solutions in relation 
to the FE time-marching approach. The reliable output of this process depends on few physical parameters, 
like the friction coefficient and the local contact stiffness. Although the utilization of the performance 
diagrams allows for moderating difficulties with a scatter nature of physical contact data, the designed friction 
damping mechanism needs to be proved experimentally. The whole process can require significant amount of 
time, budget and engineering efforts. Therefore, the already proved damping mechanism of the operating 
blading system can be scaled what was analyzed in Szwedowicz et al. (2008a and 2008b) and their final 
results are presented in Figures 9-37 and 9-38.  
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Figure 9-37: Performance curves of the smallest and large Siemens SK-blades with the friction bolts 
excited by the 8th engine order at Ωs=0.625Ωn under the service condition for the assumed  

aero-damping ξo of 0.5%, where a stimulus of 100% is equal to the static steam bending  
load at speed Ωs=0.625Ωn (see details in Szwedowicz et al., 2008b). 
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Figure 9-38: a) Validation of the scaling factors of the resonance frequencies υω=ωsmall/ωlarge 
determined from the non-linear dynamic simulations of the smallest and large Siemens SK-blade 

scaled by the design factor υO of 4 (Szwedowicz et al., 2008b), b) Sensitivity curves of the resonance 
frequencies of the smallest and large SK-blades excited by the 8th engine order at Ωs=0.625Ωn  
under service conditions for the assumed aero-damping ξo=0.5% (Szwedowicz et al., 2008b). 

Regarding the scaling criteria, the computed dynamic stresses of both smallest and large blades, shown in 
Figure 9-37, should be identical to each other. For the considered friction coefficients of 0.15 and 0.30, the 
computed resonance stresses of both blades differ from each other between 3.5% and 14.3% (see δσ in Figure 
9-37). This is an acceptable result for the existing slight differences in the bolt dimensions applied to the 
smallest and large blades as it is described in Szwedowicz et al. (2008a and 2008b). 

a) b) 
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Both smallest and large Siemens SK-blades are principally identical on a 4 scale-up basis υO. For different 
stimuli, the scaling factors of their resonance frequencies obtained from the non-linear dynamic simulations 
are determined and shown in Figure 9-38a. All determined scale factors υω=ωsmall/ωlarge vary between 3.98 and 
4.2, and they are completely acceptable from the design point of view. 

For getting predictable operation conditions of the bladed disc with the dampers, the friction dissipation on the 
damper should not change too much the blade frequency in relation to the sticking contact condition. For the 
analyzed Siemens SK-blades (Figure 9-37), in the whole considered stimulus range, the computed resonance 
frequencies of the smallest and large SK-blades differ maximally about 9% with respect to their resonance 
frequencies for the contact with the stuck bolts as it is shown in Figure 9-38b. 

The non-linear dynamic analyses provide obvious evidence of frictional dissipation for both smallest and large 
SK-discs in relation to the calculated resonance stresses with sticking bolts. The damping efficiency of the 
developed friction bolts for the vibrating blade is demonstrated in Figure 9-10. The resonance stress of the 
blade with stuck bolts can be reduced 6 times, if the friction dissipation takes place on the bolts. The 
numerical results presented in the performance curves and sensitivity frequency diagrams confirm the 
scalability of the damping capabilities between the smallest and large SK-blades for different stimuli, friction 
coefficients and aero-damping ratios. The field experiences with the different SK-blades, which operate with 
variable speed and in a variety of loading regimes, do not show any wear problems on the bolt and airfoil 
coatless contacts.  

The here proposed non-linear numerical process could be applied to different types of blade couplings, like 
shrouds, winglets, lacing wires, zigzag pins or under-platform dampers. It has to be reminded finally, that the 
designed friction damping mechanism controls most effectively one resonance frequency of the rotating 
blades. Other resonance frequencies of the blade are damped less efficiently because of the changed rotational 
speed and excitation level. Therefore, in modern disc assemblies, the friction damping is optimized at the 
shroud interface by simultaneous application of the under-platform dampers (Petrov, 2007). This kind of the 
blade design allows for damping more resonances of the operating blade. Another option could be to develop 
the friction damper, whose damping performance is not so sensitive on the normal contact force. Two 
engineering attempts of this consideration are shown in Figure 9-39.  
 

Damper inside the airfoilDamper inside the airfoil
 

 

Figure 9-39: a) Lacing wire rolled within the shroud, which is used in one industrial steam turbine 
(Csaba, 1998a), b) Damper attached to the inner contour of the wall of the blade (Jones et al., 1975). 

a) b) 
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